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Ex. 5.1

We assume that triangles are defined by their vertex positions v1, v2, and v3 in window coor-
dinates. We further only consider geometry that is closed and inspected from the outside. That
allows us to exclude many of the triangles—namely those that are facing away from the viewing
position. We now define a convention based on the winding order of the vertex positions. v1 and v2
form a directed edge that subdivides the 2D plane into two half-planes. If v3 is located in the left
half-plane with respect to that subdivision, we say that the winding order is counterclockwise and
we (arbitrarily) assume that the associated triangle is a frontface and thus visible. If, conversely,
v3 falls into the right half-plane and is thus a backface, we can exclude it from the subsequent
shading computations. This method is commonly known as backface culling.

The winding order of the triangles can easily be determined by computing the sign of the de-
terminant of the following matrix over the vertex positions in homogeneous coordinates:

detT =
v1x v2x v3x
v1y v2y v3y
1 1 1

=
v2x − v1x v3x − v1x
v2y − v1y v3y − v1y

For non-degenerate triangles (i.e., the three vertex positions aren’t colinear) the sign is—per our
convention—positive if we encountered a frontface, and conversely, the sign is negative if we en-
countered a backface.

a.)
Determine for the following triangles if they are front or backfaces:

T1 = {v1 = (2, 2), v2 = (4, 2), v3 = (4, 4)},
T2 = {v1 = (5, 5), v2 = (2, 10), v3 = (10, 5)}
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b.)
The scan conversion algorithm by Pineda that we discussed in the lecture makes use of this prin-
ciple. Show how the determinant of the matrix from Ex. 5.1 a.) is related to the edge equations
(EE) Ei(x, y) known from Pineda’s algorithm, given two vertex positions vi, vi+1 and a raster
point p = (x, y) in the 2D plane. Per convention, we assume that the edges can be obtained via
ei = vi − vi+1.

c.)
Consider the triangle T = {v1, v2, v3} with

e1 = v1 − v2
e2 = v2 − v3
e3 = v3 − v1

and the three edge equations

E1(x, y) = (x− v1x)e1y − (y − v1y)e1x

E2(x, y) = (x− v2x)e2y − (y − v2y)e2x

E3(x, y) = (x− v3x)e3y − (y − v3y)e3x.

For a point (x, y) in the 2D plane, show that

2A(T ) = E1(x, y) + E2(x, y) + E3(x, y),

where A(T ) is the area of T .

d.)
Barycentric coordinates w.r.t. triangles are triples b(p) = b(x, y) = (λ1, λ2, λ3), where λ1, λ2, λ3 ∈
R are weights that are associated with the triangle vertices. For each point (x, y) in the plane and
the triangle T = {v1, v2, v3} there exists such a triple with:

λ1v1 + λ2v2 + λ3v3 = (x, y),

λ1 + λ2 + λ3 = 1

We further have b(v1) = (1, 0, 0), b(v2) = (0, 1, 0) and b(v3) = (0, 0, 1).

Show that for the edge equations from c.) and for b(x, y) that

λ1 =
E2(x, y)

2A(T )

λ2 =
E3(x, y)

2A(T )

λ3 =
E1(x, y)

2A(T )
,

where A(T ) is the area of T .
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Ex. 5.2

a.)
Quaternions are an extension to the complex numbers C and are defined as

H = {q0 + q1i + q2j + q3k : q0, q1, q2, q3 ∈ R}, (1)

where for i,j and k we have:
i2 = j2 = k2 = ijk = −1. (2)

Show that the identities
ij = k, jk = i,ki = j (3)

and
ij = −ji, jk = −kj,ki = −ik (4)

follow from that.

b.)
The (generally not commutative) multiplication of two quaternions p = p0 + p1i + p2j + p3k and
q = q0 + q1i + q2j + q3k is defined as

pq = (p0q0 − p1q1 − p2q2 − p3q3)

+ (p0q1 + p1q0 + p2q3 − p3q2) i

+ (p0q2 − p1q3 + p2q0 + p3q1) j

+ (p0q3 + p1q2 − p2q1 + p3q0) k.

(5)

Show this using the identities from a.).

c.)
The quaternion

q̄ = q0 − q1i− q2j− q3k (6)

is called the conjugate of q. Furthermore, for q 6= 0, the unit quaternion is given as

q

|q|
=
q0
|q|

+
q1
|q|

i +
q2
|q|

j +
q3
|q|

k, (7)

where

|q| :=
√
q20 + q21 + q22 + q23 . (8)

Suppose that we are given the 3D vertices of the quad

v1 = (1, 0, 0)

v2 = (2, 0, 0)

v3 = (2, 2, 0)

v4 = (1, 2, 0).

For each vertex, compute the result of the operation qvq̄. For that we are given the unit quaternion

q = cos

(
30◦

2

)
+ s1sin

(
30◦

2

)
i + s2sin

(
30◦

2

)
j + s3sin

(
30◦

2

)
k

as well as the vector s = (s1, s2, s3) = (0, 0, 1). We obtain the quaternion v by setting the real part
v0 to 0 and by initializing the (threefold) imaginary part v1, v2, and v3 with the first, second, and
third entry of the quad’s vertices.

Draw the original and the transformed quad vertices into a common diagram. How can the ope-
ration qvq̄ be interpreted geometrically?

The exercise sheet will be discussed on June 17, 2021.
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